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Abstract 

This study examined the impact of varying the diffused factor and possible profundity (V˳) on the calculations of the 

proportion of Quasi-elastic scattering to the 'Rutherford' crossing - section (σqel/σR) and the Distribution of obstacles 

Dqel , utilizing the Wood-Saxon nuclear potential (WS) for the ⁴⁸Ti + ²⁰⁸Pb and ¹⁶O + ¹⁴²Ce systems. Each system 

employed three distinct values of the diffuseness parameter. Calculations were conducted for Single-channel ''SC'' and 

Coupled-channel ''CC'' systems to attain optimal concordance between theoretical computations and experimental data 

for both systems, emphasizing The corresponding speed of colliding nucleus and their inherent properties motion, and 

assessing their influence on the calculations and surface diffusion. Optimal values were achieved for single-channel 

(SC) calculations employing an inactive target ''T'' and projectile ''P'', as well as for double-channel calculations 

utilizing an inactive target ''T'' and an energized projectile ''P''. The chi-square (χ²) test was employed to compare the 

optimal diffusion coefficient results across different simulations. In this study, we established the diffusion coefficient 

as a standard value of 0.63 fm and examined values both above and below this standard. We established a radius of 

1.2 fm and the ideal possible profundity (V˳) for both systems, noting variances in the diffusion coefficients. The 

results indicated that both systems demonstrated concordance between theoretical calculations and experimental data. 
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Introduction 

Quasi-elastic scattering is characterized by the aggregate effects of Elastic Scatter, inelastic Scatter, and transfer 

reactions. It is deemed analogous toward the fusion reaction, that denotes a process in wherein 2 distinct nuclei 

amalgamate to form a composite systems[1]. Fusion and Quasi-elastic Scatter are both seen as comprehensive 

processes and are mutually complementary. Thus, these interactions are regulated by the identical possible and yield 

equivalent data regarding the interaction systematic. Furthermore, all are susceptible to Channel Coupling effects 

resulting from collective inelastic excitations of the interaction nuclei at energies close to the Coulomb limit [2]. The 

Woods-Saxon ''WS'' form is often utilized to depict the nuclear potential, characterized by profundity parameter ''V˳'', 

the radius factor ''r⁰'', and the diffused factor ''a˳''. This model is crucial in nuclear physics, as it is considered a realistic 

possibility [3]. Heavy-ion fusion processes are physically analogous to heavy-ion Quasi-elastic Scatter at retrograde 

angles. At energy levels close to the Coulomb limit, these intricate processes are influenced by Channel Coupling 

effects arising from the cooperative inelastic excitations of the interacting nuclei . the reflection probability at the 

Coulomb limit pertains to Quasi-elastic scatter, while crossing past the barrier relates to the fusion process. The 

interaction concerning the relative velocity of colliding nuclei and their internal degrees of autonomy significantly 

enhances fusion cross- sections at sub-threshold energy [4]. This study seeks to examine Quasi-elastic Scatter at 

energies proximate to the Coulomb limit to ascertain the surface diffused factors of the inactive -nuclear possible for 

the (48Ti + 208Pb and 16O + 142Ce) systems. Calculations for single-channel and coupled-channels were conducted with 

the CQEL code [5], which incorporates all classifications of coupling and embodies the latest version of the 

''CCFULL'' computational framework. The chi- square (χ²) minimization method was utilised to ascertain the 

appropriate diffuseness parameters that yield the best alignment with the experimental results. Farah J. Hamood has 

conducted investigations on Quasi-elastic Scatter in several high- energy ion systems [6 -7]. 

 

Theoretical Framework 
The nucleus- nucleus possible comprises 2 components: the nuclear component Vy, that can be accurately and 

reasonably represented by the Woods-Saxon ''WS'' form, characterized by the conventional volume representation of 

the true nuclear potential [8]: 

𝑉𝑁(𝑟) =
−𝑉0

1 + 𝑒(𝑟−𝑅0)/𝑎0
           ,                                        (1) 

The radii of these possibilities. correspond to the possible profundity, with ''a'' representing the surface diffused factor, 

''r'' denoting the radius factor and number of mass of the target and projectile specified accordingly [9]. 

𝑅˳ = 𝑟0(√𝐴𝑃
3 + √𝐴𝑇

3 )           ,                                        (2) 
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Here, R0 indicates the radius of the system, while V0, a, and r0 signify the possible profundity, surface diffused factor, 

and radius factor, in that order. Additionally, r represents the distance of the center of mass between the target ''T'' 

nucleus with mass number ''AT'' and the projectile ''P'' nucleus with mass number ''AP''. 

The possible between the projectile ''P'' and the target ''T'' is defined is a function of the relative distance r between the 

''centers of mass'' of the colliding nuclei. It comprises two components delineated by [10]:  

𝑉eff(𝑟) = 𝑉𝑁(𝑟) + 𝑉𝐶(𝑟)                                                (3) 

The 'Schrödinger equation' for the complete wave function is expressed as [11]: 

(−
ℏ2

2𝜇
𝛻2 + 𝑉eff(𝑟) + 𝐻0(𝜉) + 𝑉coup(𝜉)) 𝜓(𝑟, 𝜉) = 𝐸𝜓(𝑟, 𝜉)   ,             (4) 

In this context, r denotes the distance to the ''center of mass'' between the colliding nuclei , μ signifies the decreased 

mass of the system, and Vr represents the bare possible in the absence of coupling. The effective potential is expressed 

as Veff (r) = VN (r) + VC (r). Hₒ (ξ) indicates the ''Hamiltonian'' for intrinsic dynamics, while Vcoup(ξ) refers to the 

aforementioned Coupling. The total wave function, ψ(r ⃗, ξ), is determined by r ⃗ and ξ, where ξ represents an internal 

degree of autonomy. The Quasi-elastic differential cross section can be expressed using the equation [12]: 

𝑑𝜎𝑞𝑒𝑙

𝑑𝜎𝑅

(𝐸, 𝜃) = ∑
𝑘𝑛𝐼

𝑘
|
𝑓𝐽ℓ𝐼(𝐸, 𝜃)

𝑓𝐶(𝐸, 𝜃)
|

2

 

𝐽ℓ𝐼

           ,                        (5) 

where 𝑓𝐶(𝐸, 𝜃) denotes the Coulomb scattering amplitude and 𝑓𝐽ℓ𝐼(𝐸, 𝜃) represents the Quasi-elastic scatter amplitude. 

 

Findings And Discussion 
calculations were conducted using the latest version of the CQEL code [5], which represents the latest version of the 

CCFULL computational framework. This code provides rigorous numerical solutions for the coupled-channel 

equations and the Schrödinger equation. To minimize systematic errors, a Chi-square (χ²) optimization technique was 

employed, wherein data points satisfying   
𝑑𝑞𝑒𝑙

𝑑𝑅
> 1    were excluded derived from the fitting protocols. The χ² method 

served as the normalization criterion between theoretical predictions and experimental measurements. The primary 

potential utilized in this study is the Woods-Saxon (WS) potential, comprising both real and imaginary components; 

the latter accounts for the relatively weak internal absorption. The parameters of the real potential were specified. 

methodically modified to attain the optimal alignment with experimental results, a procedure consistently applied 

across all investigated interactions. A constant value of 0.63fm is adopted for the diffuseness parameter [13], This 

value is subject to adjustment, either increased or decreased, to account for the specificities of each nuclear system. 

Furthermore, the radius factor is presumed to be rₒ = 1.2fm.. 

 

4.1. The 48Ti + 208pb reaction 

In the outcomes of this system were analyzed under 2 scenarios: the first scenario involved treating both the projectile 

''P'' and target ''T'' nuclei as inactive ''SC'' at varying diffusion parameter values of 0.59, 0.63, and 0.65 fm, with 0.63 

fm designated as the normative value. In the second scenario, the 48Ti projectile ''P'' core was inert, exhibiting a 

distortion parameter of 𝛽2= 0.269 [14] and 𝛽4= 0.000 [14] for the 2+ state (0.983531 MeV), derived from the ratio 

𝐸4
+/𝐸2

+ =2.3. Conversely, the target core 208Pb displayed vibrational characteristics with a distortion factor of 

𝛽2=0.111 [14] for the 2+ state (4.08552 MeV), where 𝐸4
+/𝐸2

+ =1.058 in the Coupled-channels ''CC'' framework. We 

employed the one phonon state of the quadruple excitation of the projectile ''P'' and target ''T'' nuclei, with a possible 

profundity V˳ = 70 MeV and a radius parameter r˳ = 1.2 fm. 

 

Table1: Present the values of the ''WS'' possible factors and the χ² alignment between empirical and theoretical data 

for the ⁴⁸Ti + ²⁰⁸Pb system. 

 

Table (1) shows the ''Woods-Saxon'' nuclear possible parameter employed in the computations for the 48Ti + 208Pb 

system, including the possible profundity ''V₀'' , the radius coefficient ''r₀'' , the surface diffusion parameter a˳, and the 

scatter angle ''θ.c.m'' . The table also includes the chi-square values χ² obtained by comparing the theoretical results 

with the empirical data for both the Quasi-elastic scattering Cross-section ratio (σqel/σR) and the distribution of 

obstacles Dqel. The outcomes show that the lowest chi-square value in the single-channel (SC) calculations was 

obtained at 0.59 fm. The χ² is 0.0164715, indicating that this value provides the best concordance with the experimental 
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data in comparison to the others values. In the case of coupled channels (CC), the χ2 values decreased significantly, 

reaching 0.0059971 at the same value for the diffusion parameter, indicating that incorporating the coupling effects 

between different channels leads to a clear improvement in depicting the Quasi-elastic scatter data. Overall, the results 

show that the Quasi-elastic scatter calculations are highly sensitive to the value of the surface diffusion parameter and 

that smaller values for the diffusion parameter provide better agreement with the experimental measurements in the 

system under study. The optimal value of barrier distribution was a˳ = 0.65, and the χ² was 0.0181219 in both Single 

-Channel and Conjugate-channels. These results represent the best concordance with the experimental data. 

 

 

 

                                                            

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: The computed Quasi-elastic scatter ratio relative to the ''Rutherford'' cross -sections and the distribution at 

Pb system, is 208Ti + 48sourced from [15] for the empirical data barrier energies, alongside the corresponding  -sub

presented for Single-channel ''SC'' and Coupled-channels ''CC'' calculations at a˳ = (0.59, 0.63, and 0.65 fm), 

denoted in blue, red, and green, respectively. 

 

) as a R/σqelscattering (σ ''Rutherford''section to the -elastic scattering cross-uasiQFigure (1) illustrates the ratio of the 

Pb system at 208Ti + 48for the  qelD distribution of obstacles, alongside the c.m.E mass energy-of-the centerfunction of 

an angle of 170°. Experimental data are depicted as black dots, whereas the colored curves illustrate the computed 

theoretical outcomes for three distinct values of the surface diffusion parameter. The outcomes of the single-channel 

(SC) computations are presented, with the blue curve indicating the calculation at a˳ = 0.59 fm, the red curve 

representing the calculation at a˳ = 0.63 fm, and the green curve denoting the calculation at a˳ = 0.65 fm. The blue 

curve demonstrates superior concordance with the empirical data, particularly in the energy vicinity of the Coulomb 

obstacle, suggesting that the reduced diffusion coefficient yields a more precise characterization of the nuclear possible 

profile at the nuclear surface. The results of the coupled-channel (CC) calculations for identical diffusion parameter 

values are presented, indicating a significant enhancement in the concordance between theoretical calculations and 

experimental data. The optimal value was seen at a˳ = 0.65 fm, represented by the green curve. The introduction of 

coupling effects alters the effective barrier of the reaction by partitioning it into multiple sub-barriers linked to the 

, is derived from the derivative of qel, Ddistribution of obstaclesreacting nuclei, while the  aggregate excitations of the

the Quasi-elastic cross-Section ratio concerning energy. The distribution displays a distinct peak that aligns with the 

system's effective interaction barrier. The optimal value for the distribution at a diffused factors of 0.65 fm is denoted 

by the green curve, which signifies the most favorable alignment with the experimental                                               

  data.                                                                                                
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Table 2.: The parameters of the ''WS'' possible factors and the χ² alignment between empirical and theoretical data 

for the 48Ti + 208Pb system. 

 

Table (2) shows the ''Woods-Saxon'' possible parameters utilized in the present calculations for the ⁸Ti + ²⁰⁸Pb system 

at the scattering angle θc.m. The angle is 170°, with a fixed radius parameter r˳ of 1.2 fm and a surface diffuseness a˳ 

of 0.59 fm. The table additionally displays the associated chi-square values (χ²) derived from the comparison of 

theoretical calculations with empirical data for both the Quasi-elastic cross-Section ratio (σqel/σR) and the distribution 

of obstacles Dqel. For the single-channel (SC) calculations, the smallest chi-square value for the cross-section ratio is 

obtained at V˳=65 MeV with       χ² = 0.0117108, indicating that this potential depth provides the best agreement with 

the experimental data within the SC framework. As the potential depth increases to 70 and 79 MeV, the chi-square 

values increase, reflecting a gradual deterioration in the agreement with the experimental measurements. A similar 

trend is observed for the barrier distribution Dqel, where the lowest chi-square value also corresponds to V˳=65MeV. 

This outcome validates the significant sensitivity of the obstacle distribution to the selection of nuclear potential 

parameters. Regarding the coupled-channels (CC) computations, the chi-square values are significantly reduced 

compared with the single-channel (SC) results, demonstrating the significance of coupling effects in describing the 

quasi-elastic scattering process. The minimum chi-square value for the cross-section ratio is obtained at 65 MeV with 

χ²=0.0038212, which represents the best overall concordance with the empirical facts.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2 illustrates the Quasi-elastic scatter ratio relative to the ''Rutherford'' cross-Section and the barrier 

distribution at sub-barrier energies, accompanied by the corresponding empirical data from Single-channel ''SC'' and 

Coupled-channel ''CC'' computations for V = (65, 70, and 79 MeV). The results are indicated in blue, red, and green, 

respectively, and the black dots represent experimental data. [15] 

 

Figure (2) shows the ratio of the Quasi-elastic scattering cross section to the Rutherford (σqel/σR) as a function of the 

center-of-mass energy Ec.m. The upper part represented Single-channel ''SC'' and Coupled-channel ''CC'' calculations, 

together with the barrier distribution Dqel in the lower part for the system  8Ti + 208Pb at θc.m. = 170°. The experimental 

data are depicted by black points, whereas the solid-Colored curves correspond to the theoretical calculations 

performed for three different potential depths. The blue curve signifies V˳ = 65 MeV, the red curve corresponds to V˳ 

= 70 MeV, and the green curve represents V˳= 65 MeV, while the diffusivity factor is kept fixed at a˳ = 0.59 fm. In 
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the SC, the theoretical curves show noticeable sensitivity to the variation of the potential depth. The blue curve 

corresponding to V˳= 65 MeV follows the experimental data more closely in the nearness of the Coulomb limit, 

whereas increasing the possible depth gradually shifts the theoretical calculations away derived from the empirical 

data, particularly in the sub-threshold region. The CC calculations at identical potential depths demonstrate a 

substantial enhancement in the concordance among theoretical calculations and empirical findings, attributable to the 

incorporation of coupling effects. The Coupled-channels calculations reproduce the slope and magnitude of the 

experimental data more accurately, indicating the significant role of nuclear structure effects in Quasi-elastic scattering 

near the Coulomb limit. The barrier distribution in the SC and CC shows the best correspondence at V˳ = 79 MeV and 

denotes that by the green curve.  

4.2. The 16O + 142Ce system 

In the outcomes of this system were analysed in two scenarios: the first scenario involved both the projectile ''P'' and 

target ''T'' nuclei being treated as inactive ''SC'' at varying diffusion parameter values of 0.60, 0.63, and 0.66 fm, with 

0.63 fm designated as the normative value. In the second scenario, the nucleus of the 16O projectile ''P'' was in a 

vibrational state, defined by a deformation parameter of β₂=0.729 [12] for the 2⁺ state (6.9171 MeV); this was inferred 

from the ratio E₄⁺/E₂⁺=1.497. In contrast, the nucleus of the 142Ce target was similarly in a vibrational state, 

although it is regarded as inert due to the deformation parameter β₂ = 0.000 [12] for the 2⁺ state (0.64128 

MeV), where the ratio E₄⁺/E₂⁺ = 1.9014 equated to 1.058 under the Coupled Channels (CC) model. A single-phonon 

state for quadrupole excitation was utilised for both the projectile ''P'' and target ''T'' nuclei, employing a possible 

profundity of V₀ = 30 MeV and a radius factor of rₒ = 1.2fm. 

 

Table 3: Display the values of the ''WS'' possible factors and the χ² alignment between empirical and theoretical data 

for the 16O + 142Ce system. 

 

Table 3: shows the Woods-saxon nuclear possible parameters utilized in the computations for the ¹⁶O + ¹⁴²Ce system, 

including the possible profundity ''V˳'' , radius coefficient ''r˳'' , the exterior diffusion coefficient a˳, and the scattering 

angle. The table also includes the chi-square values χ² obtained by comparing the theoretical results with the empirical 

data for both the Quasi-elastic scattering Cross-section ratio (σqel/σR) the distribution of obstacles Dqel. The outcomes 

show that the lowest chi-square value in the single-channel (SC) calculations was obtained at a˳ = 0.60 fm, which is 

0.1419183, indicating that this value provides the best accord with the experimental data in comparison to the others 

values. In the case of coupled channels (CC), the χ2 values decreased significantly, reaching 0.1038389 at the same 

value for the diffusion parameter, indicating that incorporating the coupling effects between different channels leads 

to a clear improvement in describing the Quasi-elastic scatter data. The optimal value of the distribution of obstacles 

Dqel measures 0.3054423 in the single channel, while in the coupled channel it is 0.1936776 at the same value of a˳  = 

0.66 fm. Consequently, the diffusivity factor derived from a Coupled-channels calculation should be prioritized over 

that acquired from a single channel calculation, as anticipated. 
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Figure 3 The calculated Quasi-elastic scatter ratio to the ''Rutherford'' Cross-sections and the distribution at the Sub-

barrier energies with the corresponding empirical data taken from [16] for the system ¹⁶O + ¹⁴²Ce in the Single-channel 

''SC'' and Coupled-channels ''CC'' calculations at a˳= (0.60, 0.63, and 0.66 fm), indicated as blue, red, and green, 

respectively.                                          

Figure 3 illustrates the ratio of the Quasi-elastic scattering cross-section to the ''Rutherford'' scattering (σqel/σR) as a 

function of the center -of- mass energy Ec.m., alongside the barrier distribution Dqel for the 16O + 142Ce system at an 

angle of 180 degrees. Experimental data are represented by black dots, while the colored curves represent the 

calculated theoretical results for three distinct values of the surface diffusion coefficient. The results of the single-

channel ''SC'' calculations are shown, where The blue curve signifies the computation. at a˳ = 0.60 fm, the red curve 

the calculation at a˳ = 0.63 fm, and the green curve the calculation at a˳ = 0.66 fm. The blue curve shows better 

agreement with the experimental data, particularly at the energy vicinity of the Coulomb limit, The findings of the 

Coupled-channel ''CC'' calculations, utilising a vibrating projectile ''P'' and an inactive target ''T'' with identical 

diffusion coefficient values, demonstrate a significant enhancement in the concordance between experimental data 

and theoretical simulations. The optimal value occurs at a diffuseness coefficient of 0.60 fm, illustrated by the blue 

curve. This is attributable to coupling effects alter the reaction's effective barrier by dividing it into many sub-barriers 

connected to the aggregate excitations of the reacting nuclei. The barrier distribution Dqel is derived from the derivative 

of the Quasi-elastic Cross-section ratio about energy. The distribution exhibits a well-defined peak corresponding to 

the effective interaction barrier of the system. The optimal value of the distribution at 0.66 fm is indicated by the green 

curve, which represents the best overall agreement with experimental facts.                                                                 

 

Table 4: Displays the parameters of the ''WS'' possible factors and the χ² alignment between empirical and 

theoretical data for the 16O + 142Ce system . 

 

 

Table (4) lists the ''Woods-saxon'' possible parameters utilized in the present calculations for the ¹⁶O + ¹⁴²Ce system at 

the scattering angle of 180°, with a fixed radius parameter r⁰ of 1.2 fm and a surface diffuseness a˳ of 0.60 fm. The 

table also presents the corresponding chi-square values (χ²) obtained from the comparison between the theoretical 

computations and the empirical facts for both the Quasi-elastic Cross-section ratio (σqel/σR) and the distribution of 

obstacles Dqel. For the single-channel (SC) calculations, the smallest chi-square value for the cross-section ratio is 

obtained at V˳=26 MeV with χ²=0.0531022, indicating that this potential depth provides the best agreement with the 

experimental data within the SC framework. As the potential depth increases to 30 and 33 MeV, the chi-square values 

increase, reflecting a gradual deterioration in the agreement with the experimental measurements. A similar trend is 

observed for the barrier distribution Dqel. This result confirms the strong sensitivity of the obstacle distribution to the 

choice of the nuclear capability parameters. In the case of the Coupled-channels ''CC'' calculations, the chi-square 

values are significantly reduced compared with the single-channel (SC) results, demonstrating the significance of 

coupling effects in describing the quasi-elastic scattering process. The minimum chi-square value for the cross-section 

ratio is obtained at 26 MeV with χ²=0.0814802, which represents the best overall contract with the empirical data. 

Comparing the current results with the previous computations, where the diffuseness parameter was varied while 

keeping the potential depth fixed, it can be concluded that the surface diffuseness mainly governs the configuration of 

the barrier dispersion. Therefore, an appropriate combination of both parameters is essential for achieving an accurate 

description of the reaction dynamics in heavy-ion quasi-elastic scattering.   
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Figure (4): The Quasi-elastic scatter ratio relative to the ''Rutherford'' Cross-sections and the distribution at sub-

barrier energies are juxtaposed with the equivalent empirical data from Single-channel ''SC'' and Coupled-channel 

''CC'' simulations for V₀ = 26, 30, and 33 MeV. Red, green, and black denote the outcomes, whereas the black dots 

signify experimental data. [16] 

 

) as a function of the R/σqel(σ ''Rutherford''elastic scattering cross section to the -uasiQFigure (4) shows the ratio of the 

= 180°.  c.m.Ce at θ142O + 16for the system  qelD utilising the barrier distributiontogether  c.m.mass energy E -of-center 

The empirical data is represented by black points, whereas the solid-colored curves correspond to the theoretical 

calculations performed for three different potential depths. The blue curve denotes V˳=26 MeV, the red curve signifies 

V˳=30 MeV, and the green curve indicates V˳=33 MeV, while the diffuseness parameter is kept fixed at a˳ =0.60 fm. 

The top two parts of the figure show the results of the Single-channel ''SC'' and Coupled-channel ''CC'' calculations, 

where the ''SC'' calculations show the theoretical curves are remarkably sensitive to changes in voltage depth. The 

curve corresponding to V˳ = 26 MeV follows the experimental data more closely in the nearness of the Coulomb 

barrier, whereas increasing the potential depth gradually shifts the theoretical calculations away from the empirical 

data, particularly within the sub-barrier domain. While in the results of the coupled channel, the accord between the 

theoretical results and the empirical data is clearly improved due to the inclusion of coupling effects. In the experiment 

involving a vibrating projectile ''P'' and an inert target ''T'', the optimal value was determined at the potential 

profoundness V˳=26 MeV, as illustrated by the blue curve. The optimal value for the allocation at a potential depth of 

33 MeV is represented by the green curve, which represents the best overall agreement with the experimental 

data.                                                                                                                                                                                    

                                                                  

Conclusions 

This investigation leads us to the following conclusions: 

1- The factor of surface diffuseness a˳ significantly influences the characteristics of Quasi-elastic scatter and the 

configuration of the distribution of obstacles for both systems (⁴⁸Ti + ²⁰⁸Pb and ¹⁶O + ¹⁴²Ce). Variations in a˳ produce 

more pronounced changes in the calculated observables. The results of χ² clearly demonstrated this behavior.    

2- The inclusion of coupled-channels (CC) effects leads to a significant improvement in the agreement between 

theoretical computations and empirical facts for all examined scenarios. The CC calculations consistently yield lower 

(χ²) values and smoother, more realistic distributions, highlighting the essential role of channel coupling in describing 

heavy-ion interactions.                                                                        
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