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Abstract

In this paper, we study common fixed point results for multiple fuzzy mappings in the framework of MR -
metric spaces. By applying a max-type contractive con-dition, we establish the existence and uniqueness
of common fixed points for four and six fuzzy mappings in a complete MR -metric space. Using a cyclic
iterative construction together with the Hausdorff MR -metric structure, we prove the con-vergence of the
generated sequence and demonstrate that all the mappings admit a unique common fixed point. The
proposed results extend and strengthen existing fixed point principles by relaxing contraction assumptions
and expanding the the-ory to multi-mapping settings. These findings further advance the development of
fixed point theory in generalized metric spaces and provide a broader foundation for applications in fuzzy
analysis, optimization, and uncertainty modeling
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1Introduction And Preliminaries

Fixed point theory is a branch of nonlinear analysis that studies conditions under which functions (or
mappings) f have fixed points, defined as points x such that f{x) = x. It is a powerful tool for proving
the existence and uniqueness of solutions to differential equations, integral equations, and in optimization
problems.

The Banach contraction principle([4], [5]), which guarantees a unique fixed point for con-traction
mappings([3]) on complete metric spaces, and the Brouwer fixed-point theorem([6]), which guarantees at least
one fixed point for continuous functions mapping a compact convex set to itself. It serves as a, cornerstone
in functional analysis, connecting topo-logical, geometric, and analytical methods. The theory provides
iterative methods to approximate fixed points in various spaces, such as Banach or Hilbert spaces.The
theory is widely applied in economics (Nash equilibrium), physics, engineering, and numerical analysis
to determine stability and equilibria.

In the Theorem 2.1[1] authors the proved the existences and uniqueness of the fixed point for a mappings in
MR-metric spaces, in theorem 2.3 [1] authors proved the existences and uniqueness of the fixed point for two
mapping in MR-metric spaces by establishing the contraction property. In this paper we extend the results
for Four and six mappings

Definition 1.1 (Fuzzy Set [7]). Let X be a nonempty set. A fuzzy set A in X is defined by a membership
function

Hna 2 X —1[0,1],

where u.(x) represents the degree of membership of x in A.

Definition 1.2 (Fuzzy Mapping [10]). Let X be a nonempty set. A mapping T : X —

F(X) is called a fuzzy mapping if for each x € X, T(x) is a fuzzy set in X.

Definition 1.3. 4 point x € X is a common fixed point of T\, T, ..., T, if

n

x€ [T N\

=1

Definition 1.4 (Hausdorff MR-metric [9]). Let (X, M) be an MR-metric space and A, B € X be
nonempty bounded sets.

The Hausdorff MR-metric between A and B is defined by

Hy(A, B) =max sup inf M(a, b, =), sup inf M(a, b,=) .

a€A bEB beB a€A

Definition 1.5. (/2],/8]) Consider a non-empty set X/= @ and a real number R > 1. A functionM : X x X
x X — [0, w0) is termed an MR-metric if it satisfies the following conditions for all v, & { € X

(M1) M(v, <& () =0.

(M2) M(v, ¢ O =0 ifand only if v =C=C
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(M3) M(v, & {) remains invariant under any permutation p(v, &, (), that is, M (v, & () =
M p@ O .
h i
(M4) The following inequality holds: M (v, & () < R M, & &)+M (v, &, O)+M (61, & {) .
A structure (X, M) that adheres to these properties is called an MR-metric space.
Definition 1.6. An MR-metric space (X, M) is said to be complete if every Cauchy sequence in (X, M
) converges to a point in X.

2Main Results

Theorem 2.1. Let (X, M) be a complete MR-metric space with R > 1. Let T\, T», T3, T4 : X — F (X) be
four fuzzy mappings, where F (X) denotes the family of all fuzzy subsets of X.

Suppose there exists a constant k € (0, 1) such that for all x, y € X and for eachi=1,2, 3,4 (with Ts
= T)), the following cyclic contractive condition holds:

Hy Tix), Ti1(y) <kmax M(x,y,=), M x, Ti(x),= ,M y, Tin(y), =

Then T\, Tr, T3, and T4 have a unique common fixed point in X.

Proof. Letxo € X be arbitrary. Since 7T1(xo) is a fuzzy subset of X, there exists ap € (0, 1] such that the ao-
cut [T1(x0)]«0 is nonempty.

Choose x1 € [T1(x0)]a0 -

Similarly, since 72(x;) is nonempty, choose x2 € [T2(x1)]«] . Proceeding in this way, we define
inductively

x4n+1 € [T1(x4n)ladn ¥4n+2 € [T2(x4n+Dlodn+1 -

Xan+3 € [T3(Xan+2)]adpn+2 » Xan+a € [Ta(Xan+3)]agpn+3, for all n € N.

Thus, we construct a sequence {x,} in X such that

Xn+1 € Ty (Xn),

where i, =n+ 1 (mod 4).

Using the contractive hypothesis, we have

Hy Ti(xn), Tiv1(Xn+1) < kmax {M (xp, Xp+1, =), M (xn, TA(xn), =), M (xp+1, Tic1(Xn+1), =)} .

Since x,+1 € Ti(x,) and x,+2 € Ti+1(xn+1), it follows that

M(xn+1, Xn+2, :) < Huy Ti(xn), E+l(xn+]) .

Therefore,

M (xp+1, Xn+2, =) < kmax {M (xn, Xn+1, =), M (Xn, Xn+1, =), M (Xn+1, Xn+2, =)} .

Hence,

M (Xp+1, Xn+2, =) <k M (xn, Xn+1, =).

Now we prove by induction that

M (x5, Xp+1, =) < k"M (x0, X1, =) for all » €N.

For n =0, we have

M()Co, X1, =) = kOM(xo, X1, =),

since k° = 1. Thus, the inequality holds for n = 0. Assume that for some n >0, the inequality holds, that

is,

M (xn, Xp+1, =) < k"M (x0, x1, =).

From equation(1), we have

M (Xp+1, Xn+2, =) <k M (xn, Xn+1, =).

Using the inductive hypothesis, we substitute

M (xn, Xn+1, =) < k"M (x0, x1, =) into the above inequality. Hence,

M(Xn+1, Xn+2, :) <k- k"M(JCo, X1, :).

Since k- k" = k™!, we obtain

M (xXn+1, Xnt2, =) < k"HM()CO, X1, =).

This proves that the inequality holds for n + 1.

M (Xn, Xn+1, =) < k"M (x0, x1, =) for all n € N.
(1) In particular, since 0 < k£ < 1, we have k" — 0 as n — oo, and hence

M (x5, Xp+1, =) — 0.

Now we prove {x,} is Cauchy sequence.

Let m > n. Using property (M4) of MR-metric, we obtain

m—1 >

M (Xn, Xm, =) <R M (xi, Xi+1, =).
i=n

Using the contraction estimate,
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m—1 >
M(xn, Xm, =) <R kKM (xo, x1, =).

i=n

Since 0 < k < 1, the geometric series converges and

K"

M(xp, Xm, =) <R ) kM (xo0, x1, =). E—

Taking n — oo, we get

M (xn, Xm, =) — 0.
(2)

Hence {x,} is a Cauchy sequence.

We will prove the existence of a Common Fixed Point.

Since (X, M) is complete and {x,} is a Cauchy sequence, there exists x* € X such that

Xn — X* as n — oo,

We now show that

x* € Th(x), x* € Th(x»), x* € Ts5(x), x* € Tu(x®).

Showing x* € Ti(x*). Recall that the sequence was constructed as
xX4n+1 € T1(x4n).
Since x4, — x* and x4,+1 — x*, we apply the contractive condition:

Hyr T1(xan), To(Xanr1) <kmax{M (xan, Xan+1, =), M (Xan, T\(X4n), =), M (Xan+1, T2(Xan+1), =)}.
From equation (2), we know

M (xn, Xp+1, =) — O.

Moreover, since x4,+1 € T1(xs,), we have

M (xan, T1(xan), =) < M (X4n, X4n+1, =) — 0. Similarly, Hence,

M (xant1, To(Xan+1), =) < M (Xan+1, Xant2, =) — O.

Hy T1(x4n), T2(x4n+1) — O.
Passing to the limit as n — oo, we obtain

Now showing x* € T>(x*). Since
Hy Th(x*), To(x*) = 0.

x4n+2 € T2(x4n+1),

and both subsequences converge to x*, a similar argument yields
Hy Tx(x*), T3(x*) = 0.

Now showing x* € T3(x*). Since

X4n+3 € T3(x4n+2),

and both subsequences converge to x*, we similarly obtain

Hyr T3(x*), Ta(x*) = 0.

Now showing x* € Tu(x*).

Since

X4n+4 € T4(x4p+3),

and both subsequences converge to x*, we obtain

Hy Ta(x*), Ti(x*) = 0.

From the above relations, we have

Hu(Ti(x*), Ta(x)) = 0, Hu(T2(x7), T3(x*)) = 0,
HM(T3()C*), T4(x*)) =0, HM(T4()C*), T](x*)) = 0.

Thus,

Ti(x*) = To(x*) = Ts5(x*) = Ta(x*)

in the Hausdorff MR-metric sense

Since xan+1 € T1(xsn) and xsn+1 — x*, and the Hausdorff distance between Ti(xs,) and Ti(x*) tends to
zero, we conclude

Similarly, Thereforex* € T'(x*).
x* € Ta(x¥), x* € Tx(x¥), x* € Ty(x¥).

x* € Th(x*) N Ta(x*) N T3(x*) N Ta(x*).
Hence, x* is a common fixed point of T}, 75, T3, and T4.
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We will prove the uniqueness of the fixed point.

Suppose that x* and y* are two common fixed points of 71, 7>, T3, and 7. That is,
x* € Th(x*) N Ta(x*) N T3(x*) N Ta(x*),

and

v € Ti(y*) N Tr(y*) N T30%) N Ta().

now we shall prove that x* = y*.

Using the cyclic contractive condition for 77 and 7>, we have,

Hy Ti(x*), To(y*) <k max {M(x", y*, =), M(x*, T\(x*), =), MO, T2(y*), =)}
Since x* and y* are common fixed points, we have

x* € Th(x»), y* € TL(y).
Hence,
M (x*, Ti(x*), =) =0, M@y, To(y*), =) = 0.

Therefore, the inequality reduces to

Hy Ti(x*), To(y*) <kM(x* y, =)

Since x* € Ti(x*) and y* € T»(y*), by the definition of the Hausdorff MR-metric, we obtain

M(x+, y*, =) <Hu Ti(x*), T2(*) .

Combining with the previous inequality gives

M(x*, y*, =) <k M(x*, y*, =).

Rearranging the inequality, we get

(1 =k M(x, y*, =) <0.

Since k €(0, 1), we have 1 —k > 0. Thus, the above inequality implies

M(x*, y*, =) = 0.

By property (M2) of MR-metric spaces,

My, =) =0 = Xx* =y~

Therefore, the common fixed point of T, 75, T3, and T4 is unique.

Theorem 2.2. Let (X, M) be a complete MR-metric space with R > 1. Let Ty, T», T5, Ta, Ts, Ts be six fuzzly]
mappings. Suppose there exists a constant k € (0, 1) such that for all x, y € X,

the following cyclic contractive condition holds:

Hy Tdx), Tini(y) <kmax {M(x,y, =), M(x, T{x), =), M(y, Ti1(y), =)}

fori=1,2,3,4,5,6, where T;=T\. Then the mappings Ti, T, T3, T4, Ts5, and Ts have a unique common
fixed point in X.

PI”OOf. Let xo €.X be arbitrary. Choose x1 € Ti(xo), x2 € Ta(x1), x3 € T3(x2), x4 € Ta(x3), x5 € Ts5(x4), X6
€ Ts(xs). Continue inductively

x6n+1 € T1(x6n), x6n+2 € T2(x6n+1), X6n+3 € T3(x6n+2), X6n+4 € T4(x6n+3), x6n+5 €
T5(x6n+4), X6n+6 € T6(x6n+5)-

Thus, we obtain a sequence {x,} in X.

Using the cyclic contractive condition, we obtain

M (xXn+1, Xn+2, =) <k M (xn, Xn+1, =).

Now, by induction, we get

M (xn, Xp+1, =) < k"M (x0, x1, =).

Since 0 < k£ < 1, we have &” — 0. by using property (M4),

Hence,
m—1 =
M(xn, Xm, =) <R M(Xi, Xi+1, :).

—n

m—1 >
M (Xu, Xm, =) <R kM (xo, x1,
i=n

Since the geometric series converges,

K"

M (xn, Xm, =) <R | kM(xo, X1, =). —_—

Il
~—

Thus {x,} is Cauchy.

Now we will prove existence of Common Fixed Point.

Since (X, M) is complete, there exists x* € X such that

Xp — X"

Using the same argument as in Theorem 2.3([1]) and passing to the limit in the cyclic inequality, we
obtain

Hu(T(x*), Ta(x*)) = 0, Hu(T2(x*), T5(x*)) = 0, Hu(T3(x*), Ta(x*)) = 0,
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Hy(Ta(x*), Ts(x*)) = 0, Hu(T5(x*), To(x*)) = 0, Hu(Te(x*), T1(x*)) = 0.

Thus, x* is the fixed point.

Now we shall prove uniqueness of fixed point.

Suppose x* and y* are two common fixed points. Using the contractive condition for 7;
and 7>, we obtain

M(x, y*, =) <k M(x*, y*, =).

Since k € (0, 1), it follows that

M(x*, y*,=)=0.

By property (M2), x* = y*. Hence, x* is unique.
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